A so-called modified Hauser-Ernst-type extended double-complex linear system is established and used to develop a new inverse scattering method for solving the equations of motion of the string effective action describing the coupled gravity, dilaton and Kalb-Ramond fields. The reduction procedures in this inverse scattering method are found to be fairly simple, which makes the application of the inverse scattering method fine and effective. As an application, a concrete family of soliton double solutions for the considered theory is obtained. 
Introduction
The dimensionally reduced low energy (super)string effective theories describe various interacting matter fields coupled to gravity and are very significant in theoretical and mathematical physics, the string effective action describing the coupled gravity, dilaton and Kalb-Ramond fields, e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] (the so-called Einstein-dilaton-KalbRamond (EDKR) theory) is a typical and very important model of this kind. Some analogies between the EDKR theory and the reduced vacuum Einstein theory have been noted. However, the mathematical structures of the EDKR theory are much more complicated. For example, many scalar functions in pure gravity correspond, formally, to * E-mail: yajgao@bhu.edu.cn matrix ones in the string effective theory, thus the noncommuting property of the matrices gives rise to essential complications for the further study of the latter. Moreover, some important and useful matrix relations in some studies of the reduced vacuum gravity, e.g. [11] [12] [13] [14] [15] [16] [17] , such as for any 2 × 2 matrix A: A A = (det A) , A + A = (trA) with = 0 1
, have no general analogues for higher dimensional × ( ≥ 3) matrices. Since in the studies of the EDKR theory, we deal mainly with 2 × 2 matrices function and typically = 8, many methods for studying the reduced vacuum gravity are no longer applicable. Thus, deeper and further extended studies are needed.
It is undoubted that exact solutions are particularly valuable for understanding the related theories. In the case of general relativity, Belinsky and Zakharov [1] developed an inverse scattering method (ISM) for solving the 2-dim vacuum gravity field equations. For the reduced Einstein-Maxwell theory, some ISMs were proposed by some authors [18] [19] [20] . Recently, these ISMs have also been used to generate (soliton) solutions for some specially restricted systems of the reduced low-energy string effective theories [21] [22] [23] [24] [25] . In [26, 27] by using a modified BelinskyZakharov ISM, from the trivial seed solution and constant "wave function", the author gave some special soliton solutions for the 5-dim dilaton-axion gravity theory and Einstein-Maxwell-dilaton-axion theory. However, more general application of these schemes to the string effective theories still remains a problem. The difficulties have to do with the complicated mathematical structures, such as the fundamental field matrices in the reduced string effective theories in general have dimensions greater than two and, at the same time, must satisfy some non-trivial Riemannian symmetric space (or coset) conditions [1, 28, 29] , etc. (For example, the fundamental field matrix of the EDKR theory considered in this paper belongs to the symmetric [5, 7, 8] .) Therefore, it would be worth while to develop some more effective ISM and obtain more general new exact (soliton) solutions of the string effective theories.
In the present paper, we establish a so-called modified Hauser-Ernst (HE)-type extended double (ED)-complex linear system, and then based on it we develop a new ISM for the dimensionally reduced EDKR theory. This ISM is different from the above mentioned Belinsky-Zakharovlike ones, and for arbitrary (seed) solution and general "wave function" F ( ; J) (see below) we can obtain soliton double solution family of the considered theory. As well known, for an ISM the so-called reduction problem is very important and in general is very complicated, so far there is no generally applicable method. However, in this paper we unexpectedly find that, based on the modified HE-type ED-complex linear system, the reduction procedure for the ISM given here is fairly simple.
In Section 2, some related concepts and notations of the ED-complex function [30] and the equations of motion [5, 7, 8] for the EDKR theory are briefly recalled. In Section 3, the EDKR equations are extended to an ED formulation and a modified HE-type ED-complex linear system for the EDKR theory is established. In Section 4, an ED dressing transformation is introduced and the associated theorem is proved. In Section 5, a double ISM for the EDKR theory is presented. As an application, a family of soliton double solutions for the EDKR theory is explicitly constructed in Section 6. Finally, Section 7 gives conclusion.
ED-complex function and equations of motion for the EDKR theory
For later use, here we briefly recall some related concepts and notations of the ED-complex function [30] and equations of motion for the EDKR theory [5, 7, 8] .
ED-complex function
Let and J denote, respectively, the ordinary and the ED imaginary unit, i.e. J = ( 2
J 2 is called an ED ordinary complex number, which corresponds to a pair ( C H ) of ordinary complex number, where C ≡ (J = ), H ≡ (J = ε). When (J) and (J) both are ED ordinary complex numbers, (J) = (J) + J (J) is called an ED-complex number, it corresponds to a pair
. If (J) and (J) both are real, we call them double-real and call the corresponding (J) simply a double-complex number [31] . All ED-complex numbers with usual addition and multiplication constitute a commutative ring. Corresponding to the two imaginary units J and in this ring, we have two complex conjugations: ED-complex conjugation " " and ordinary complex conjugation "−"
These imply that J = −J, J = J, = , = − . If (J) and (J) are ED ordinary complex functions of some ordinary complex variables
both, as ordinary complex functions, have the same properties. For an ED-complex matrix K (J), we define
" '' denotes the transposition.
Equations of motion for the EDKR theory
We start with the action describing a system arising in the low energy limit of heterotic string theory as [3, 4, [6] [7] [8] 
where is the Ricci scalar for the metric LN (L N = 1 2 · · · 2 + ), Φ is the dilaton field, LNP = ∂ L NP + cyclic and NP is antisymmetric Kalb-Ramond field. The action (3) does not contain the (2 + )-dim gauge vector fields, so we call this theory Einstein-dilaton-KalbRamond (EDKR) one. For the heterotic string = 8, but we keep arbitrary in the present discussion. Following Maharana and Schwarz [1] and Sen [28, 29] , when dimensionally reducing the above theory from 2 + to 2 dimensions by compactification on a -dim torus, (3) can be reduced to the following effective action [5, 7, 8] 
where µν (µ ν = 1 2) denotes the inverse of the 2-dim metric µν (for definiteness, in this paper we consider the case that signature of µν is + +), = det( µν ), R is the Ricci scalar for µν , φ is the shifted dilaton field, the moduli G and B both are × matrix-valued real fields and satisfy conditions by ρ for simplicity, the essential dynamical equations of the EDKR theory can be written as [5, 7, 8] (ρG
where the notations of differential form are adopted, "*" is the dual operation in 2-dim Euclidian space { }.
Double equations and modified HE-type ED-complex linear system for the EDKR theory
Motivated by [32] , we find that, despite the different structure, the EDKR theory under consideration also possesses a doubleness symmetry such that we can introduce × double-real matrices (8) and the equations of motion (5)- (7) can be extended to a double formulation
with conditions
where I is the -dim unit matrix. If a solution of Eqs. (9) and (10) is known, then by the decomposition (8), we can obtain real solutions of the EDKR theory in pairs as follows:
where the transformations T , V are defined by
and the existence of V G H (B H ) is ensured by the J = case of Eq. (9). Eq. (9) implies that we can introduce a double-real 2 × 2 matrix twist potential Q( (10) and (7) we can obtain Q(J) + Q(J) = 2J 2 η with the real field = ( ) introduced by * ρ = . Thus, if we define a double-complex H-potential
and denote Ω ≡ Jη, then the equations about Q(J) and M(J) can be written together as
Now we introduce an ordinary-complex parameter and define
then from Eqs. (14), (15) and (16), we can obtain
where "∧" denotes the exterior product of differential forms. Eq. (19) is just the complete integrability condition of the following ED-complex linear differential equation:
where F ( ; J) = F ( ; J) is a 2 × 2 matrix EDcomplex function of , and . Equation (20) does not define F ( ; J) uniquely, we shall impose some subsidiary conditions being consistent with the above equations and the requirement that F ( ; J) be holomorphic in a neighborhood of = ∞. To this end, we note that if F ( ; J) is expanded in power of
then from (14), (20) and the relation 2Λ
where the ED-hermitian conjugation "+" is defined by (2) . These equations and (20) determine F ( ; J) up to rightmultiplication by an arbitrary non-degenerate 2 ×2 matrix function of , so we can use this freedom and choose the integral constants consistently such that
where I is the 2 -dim unit matrix. Besides, from definition (15) we see that A( ; J) is a linear function of (24) We call (20)- (24) a modified HE-type ED-complex linear system for the EDKR theory. (For the reduced vacuum gravity, a similar but non-ED linear system was introduced by Hauser and Ernst in Ref. [13] for some different purpose.) Now we give some other useful relations. Introducing ordinary complex coordinates ≡ + , ≡ − and complex functions ζ ≡ + ρ, ξ ≡ − ρ, Eq. (14) can be rewritten as 
[2ζ − (H(J) + H(J) )Ω]∂ H(J) = 0 (25a) [2ξ − (H(J) + H(J) )Ω]∂ H(J)
=
ED dressing transformation
As can be seen in the following, by virtue of solution F ( ; J) of linear system (20)- (24), we can explicitly construct new double solutions of the EDKR theory. At first, from definitions (13) and (15)- (18), we may consistently choose the ED-complex matrix functions F ( ; J) as
in order to ensure the reality of the new solutions. We shall take this choice in the following. Assuming that we have a solution M 0 (J) (seed solution) of Eqs. (9) and (10), then we can obtain the corresponding H 0 (J), A 0 ( ; J) and solution F 0 ( ; J) of (20)- (23). Now we take a dressing transformation
where χ( ; J) = χ( ; J) is a 2 × 2 matrix EDcomplex function of , and . Condition (28) and the requirement that F ( ; J) be also a solution of (20)- (23) (for some H(J) and the associated A( ; J)) imply
Noticing (30) (24) give
with H(J) defined by (34). In terms of variables , , ζ and ξ, Eq. (31) can be written as
Thus, if χ( ; J) and χ −1 ( ; J) are not singular at = 2ζ and = 2ξ (for the soliton transformation in the following these conditions are automatically fulfilled), the above two equations give
Since H 0 (J), A 0 ( ; J) satisfy Eqs. (26), from Eqs. (32b), (36) and (26) (for H 0 (J), A 0 ( ; J)) we have
These say that H(J) given by (34) satisfies Eq. (14). Now, Eqs. (31) and (32a) give out
Since for a known M 0 (J) we have H 0 (J) − H 0 (J) + = 2J 2 Ω by definitions of H 0 (J) and , Eq. (38) gives
thus using Eq. (32a) again we obtain
by choosing some suitable integral constant. Eq. (39) immediately implies that M(J) ≡ Re ED (H(J)) satisfies (10a). Moreover, by (32) , (29) and (23) 
Double inverse scattering method
For an ISM of solving some nonlinear equations, the socalled reduction problem is very important. However, the reduction procedures vary with the equations and the associated linear systems, and in general are very difficult, so far there is no generally applicable method. In this section, based on the modified HE-type ED-complex linear system and ED dressing transformation given above, we develop a double ISM for the EDKR theory and unexpectedly find that the reduction procedures for this ISM are fairly simple. To construct pure N-soliton solutions of the dimensionally reduced EDKR theory, we take the following ansatz for χ( ; J) and χ −1 ( ; J):
where (owing to (30a)) the poles µ , ν are real, R (J) = R ( ; J), S (J) = S ( ; J) are double-complex 2 × 2 matrix functions, and they are all independent of . The relations χ( ; J)χ −1
thus R (J) and S (J) are singular matrices. In the following, we take R (J) and S (J) to be of rank 1 1 and write them as 
Therefore, we only need to determine (J), (J) and µ , ν in the following.
The functions R (J), S (J), µ and ν must also obey Eqs. (31), (32) . Writing Eq. (31) as (24) and by some algebraic calculations, we surprisingly find that the conditions (32a) and (32b) can be simultaneously fulfilled provided we take
with (0) (J)'s being double-real and η being defined by Eq. (10c).
It must be pointed out that from (48) and (49a), the expressions of W (J) ( = 1 2 · · · N) in (45) become invalid. However, if we choose the constant vector (0) (J) such that
then W (J)'s in (45) are indefinite and can be further determined. From the function theory of complex variable, we have
So far, we have obtained χ( ; J) in terms of F 0 ( ; J), from Theorem 1 and noticing the relation (23a) for F 0 ( ; J), we can get the new N-soliton double-complex H-potential H N (J) by formula (34) with
where
and (0) (J)'s are arbitrary 2 -dim double-real constant column vectors satisfying (50).
Application: soliton double solution family of the EDKR theory
To illustrate the ISM given above, now we concretely construct a family of soliton solutions for the EDKR theory, to which we choose the double trivial background space-time 
Thus, we obtain a concrete soliton double solution family {M N (J) = Re ED (H(J)), N = 1 2 · · · }. By using formulas (11), for each M N (J) we can obtain a pair of real solutions of the EDKR theory.
Conclusion
We establish a modified HE-type ED-complex linear systems and use it to develop an ISM for the EDKR theory. We show that the reduction procedures for this ISM are fairly simple, which makes the application of the ISM fine and effective. As an application, we obtain a concrete family of soliton double solutions for the dimensionally reduced EDKR theory. The method in this paper is applicable to some non-linear σ -models on other symmetric spaces.
